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Abstract:
This paper takes up applications of fractional calculus to the problem of physics. We derive a closed form solution
of fractional diffusion equation in terms of sums of H-functions.

1. A Closed Form Solution of Fractional Diffusion Equation:
The Fractional Diffusion Equation is given as

a t , 0°
ODt N(X,t)—mé‘(X):C yN(X,t),t>O,—oo<X<oo

with the initial condition

DN =d(X), lim N(x,t)=0 -2)

t=0

where N =[Re(a)]+1, C“ is a diffusion constant and &'(X) is Dirac's delta function. Saxena, Mathai and

Haubold [6] have obtained solution of (1) taking a special case ¢5(X) =0, we have obtained solution for more

general initial conditions from which result in [6] follow as a particular case. The solution of (1) can be put in the
following form.
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Proof: In order to derive the solution of (1) we introduce the Laplace-Fourier transform in the form
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N *(k,s) = [ [e** N(x,t)dx dt @
0 -

Applying the Fourier transform with respect to the space variable X and Laplace transform with respect to the time
variable t to equation (1) we get

s“N*(K,5) = (DN * (K, t) o= s“* =—c“k’N *(k, ) .(5)
By using initial condition (2) we find that
s*N *(Kk,s) — @(k) —s** =—c“k*N *(k,s) .(6)

Solving for N* (k, s) this gives

N* (k. 5) [s“ +C7K ] = g(K) + 5" ()
k) Sa-l
N*(ks) =20 @)
(k.s) s” +¢%k*  s” +c”k?
=p(K)S“[L+c?k*s ] +s™ [1+c“k>s ] .(9)
By applying binomial expansion in equation (9), we obtain
0 _1 rCarKZrS(farfa) 0 _1 rCark2rs(far71)
N*(ks) = p(K)D =1 +2 =
r=0 r! r=0 r!
...(10)
Applying the inverse Laplace transform given by the relation
: t
L{s"}= , Re(p) >0 .(11)
I'(p)
equation (10) becomes
N *(k,t) = p(K)t*E,,  [-c*k’t“] + E, (~c“k*t“) (12)
o0 Xr
where Ea o (X) = Z— is a generalization of Mittag-Leffler function.Equation (12) can be expressed
Y r=0 F(Olr + 0[)

in terms of the H-function [7]. Hence we get
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01
N * (k,t) =¢(k)t“Hfg{c“k2t“ (04) }L
01
Hj.,;. Cak2ta ( ) .(13)
’ (0,),(0,x)
Next we take inverse Fourier transform in (13), using convolution of integral and keeping in view that
1 T —ikx 1 K
= [ e™f (k)dk == f (k)cos(kx)dk .(14)
27 °, Ty
and that the value of inverse Fourier transform of H-function is given by
? (a,, Ap
t”*coskt)H™"| at” dt
| { (b,.B,)
1
| A-bBC+ T ‘2‘)
= (/K| ;
’ y 1_ a 1A ~
(o, ), (1-a, )(2 5 2)
...(15)

min bj max (aj _1)
where Re p+/’lL]<m B >O,,U> Re p+1u]5j£n (A)
i j

<1 largal < (7©/2),0, >0,
0,=>A-YA +ZB ~Y'B,. -(19)

j=1 j=n+1 j=m+1

Thus we obtained the desired result (3).
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