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1. Introduction:  

 Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average 

with respect to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet 

averages for the ordinary simple functions like𝑥𝑡 ,𝑒𝑥  etc. He has also pointed out [3] that the hidden symmetry of all 

special functions which provided their various transformations can be obtained by averaging   𝑥𝑛 ,𝑒𝑥  etc. Thus he 

established a unique process towards the unification of special functions by averaging a limited number of ordinary 

functions. Almost all known special functions and their well known properties have been derived by this process. 

 

 Recently, Gupta and Agarwal [9, 10] found that averaging process is not altogether new but directly 

connected with the old theory of fractional derivative. Carlson overlooked this connection whereas he has applied 

fractional derivative in so many cases during his entire work. Deora and Banerji [6] have found the double Dirichlet 

average of e
x
 by using fractional derivatives and they have also found the Triple Dirichlet Average of x

t
 by using 

fractional derivatives [7]. 

 

In the present paper the Dirichlet average of Robotnov And Hartley’s function has been obtained. 

 

2. Definitions: 

Some definitions which are necessary in the preparation of this paper. 

 

2.1 Standard  Simplex in 𝑹𝒏, 𝒏 ≥ 𝟏: 

 

Denote the standard simplex in 𝑅𝑛 , 𝑛 ≥ 1 by [1, p.62]. 

𝐸 = 𝐸𝑛 = {𝑆 𝑢1,𝑢2, 𝑢𝑛  ∶  𝑢1 ≥ 0, …𝑢𝑛 ≥ 0,  𝑢1 + 𝑢2 + ⋯ + 𝑢𝑛 ≤ 1} 

 

2.2 Dirichlet measure: 

 

  Let 𝑏 ∈ 𝐶𝑘 , 𝑘 ≥ 2 and let 𝐸 = 𝐸𝑘−1 be the standard simplex in 𝑅𝑘−1 . The complex measure 𝜇𝑏  is defined by 𝐸[1]. 

𝑑𝜇𝑏 𝑢 =
1

𝐵(𝑏)
𝑢1

𝑏1−1
…𝑢𝑘−1

𝑏𝑘−1−1
 1 − 𝑢1 − ⋯− 𝑢𝑘−1 𝑏𝑘

−1𝑑𝑢1 …𝑑𝑢𝑘−1 

Will be called a Dirichlet measure. 

  Here 

𝐵 𝑏 = 𝐵 𝑏1, …𝑏𝑘 =
Γ 𝑏1 … Γ 𝑏𝑘 

Γ 𝑏1 + ⋯ + 𝑏𝑘 
, 
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𝐶> =  𝑧 ∈ 𝑧: 𝑧 ≠ 0,  𝑝ℎ 𝑧 < 𝜋
2  , 

Open right half plane and 𝐶>k is the 𝑘𝑡ℎ  Cartesian power of 𝐶> 

 

2.3 Dirichlet Average[1, p.75]: 
 

Let Ω be the convex set in 𝐶>, let 𝑧 =  𝑧1 , … , 𝑧𝑘 ∈ Ωk , k ≥ 2 and let 𝑢. 𝑧 be a convex combination of 𝑧1 , … , 𝑧𝑘 . Let 

𝑓 be a measureable function on Ω and let  𝜇𝑏  be a Dirichlet measure on the standard simplex 𝐸 in 𝑅𝑘−1.Define  

𝐹 𝑏, 𝑧 =  𝑓 𝑢. 𝑧 𝑑

0

𝐸

𝜇𝑏 𝑢                                                          (2.3) 

F is the Dirichlet measure of 𝑓 with variables 

𝑧 = (𝑧1, … , 𝑧𝑘) and parameters 𝑏 =  𝑏1 , …𝑏𝑘 . 

Here  

𝑢. 𝑧 =  𝑢𝑖𝑧𝑖

𝑘

𝑖=1

 and 𝑢𝑘 = 1 − 𝑢1 − ⋯− 𝑢𝑘−1. 

         If 𝑘 = 1, define 𝐹 𝑏, 𝑧 = 𝑓 𝑧 . 
 

2.4 Robotnov And Hartley’s Function: 

This function was introduced (Hartley and Lorenzo, 1998) during solving of the fundamental linear fractional order 

differential equation: 

𝐹𝛼  −𝑎, 𝑡 =  
(−𝑎)𝑛𝑡(𝑛+1)𝛼−1

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

,   𝛼 > 0                    (2.4) 

 

2.5 Fractional Derivative [8, p.181]: 

The theory of fractional derivative with respect to an arbitrary function has been used by Erdelyi[8]. The most 

common definition for the fractional derivative of order 𝛼 found in the literature on the “Riemann-Liouville 

integral” is 

𝐷𝑧
𝛼𝐹 𝑧 =

1

Γ(−𝛼)
 𝐹 𝑡 (𝑧 − 𝑡)−𝛼−1𝑑𝑡                                                            (2.5)

𝑧

0

 

Where 𝑅𝑒(𝛼) < 0 and 𝐹(𝑥) is the form of 𝑥𝑝𝑓(𝑥), where 𝑓(𝑥) is analytic at 𝑥 = 0. 
 

2.5  Average of function 𝒇(𝒙)  (from [4]): 

let 𝜇𝑏  be a Dirichlet measure on the standard simplex E in 𝑅𝑘−1; k≥ 2. For every  𝑧 ∈ 𝐶𝑘  

𝑆 𝑏, 𝑧 =  𝑓(𝑢. 𝑧)𝑑𝜇𝑏

0

𝐸

  𝑢                                                                     (2.5) 

If 𝑘 = 1, 𝑆 = (𝑏, 𝑧) = 𝑓(𝑢. 𝑧). 

 

2.5.1 Double averages of functions of one variable (from [1, 2]): 

 let 𝑧 be a 𝑘 × 𝑥 matrix with complex elements 𝑧𝑖𝑗 . Let 𝑢 =  𝑢1, …𝑢𝑘 𝑎𝑛𝑑 𝑣 = (𝑣1, …𝑣𝑘) be an 

ordered k-tuple and x-tuple of real non-negative weights  𝑢𝑖 = 1 𝑎𝑛𝑑  𝑣𝑗 = 1, respectively. 

Define  

𝑢. 𝑧. 𝑣 =   𝑢𝑖𝑧𝑖𝑗 𝑣𝑗

𝑥

𝑗 =1

𝑘

𝑖=1

                                                                        (2.7) 

If 𝑧𝑖𝑗  is regarded as a point of the complex plane, all these convex combinations are points in the convex hull of 

 𝑧11 , …𝑧𝑘𝑥  , denote by 𝐻 𝑧 . 
 

Let 𝑏 =  𝑏1, …𝑏𝑘 𝑏𝑒 an ordered 𝑘 –tuple of complex numbers with positive real part (Re(b) > 0) and similarly for 

β=(𝛽1, …𝛽𝑥). Then we define 𝑑𝜇𝑏 𝑢 𝑎𝑛𝑑 𝑑𝜇𝑏 𝑣 . 
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Let 𝑓 be the holomorphic on a domain D in the complex plane, If 𝑅𝑒 𝑏 > 0, 𝑅𝑒 𝛽 > 0𝑎𝑛𝑑𝐻 𝑧 ⊂ 𝐷, we define 

𝐹 𝑏, 𝑧, 𝛽 =  𝑓 𝑢, 𝑧, 𝑣 𝑑𝜇𝑏 𝑢 𝑑𝜇𝑏 𝑣                                                             (2.8) 

Corresponding to the particular function 𝑐𝑜𝑠ℎ𝑥 , 𝑧𝑡𝑎𝑛𝑑 𝑒𝑧 ,  we define, 

𝑆 𝑏, 𝑧, 𝛽 =  𝑀  𝑢, 𝑧, 𝑣; 𝛼 𝑑𝜇𝑏 𝑢 𝑑𝜇𝑏 𝑣                                                                 (2.9) 

𝑅𝑡 𝑏, 𝑧, 𝛽 =   𝑢, 𝑧, 𝑣 𝑡𝑑𝜇𝑏 𝑢 𝑑𝜇𝑏 𝑣                                                                 (2.10) 

𝑆 𝑏, 𝑧, 𝛽 =   𝑒 𝑢 .𝑧 .𝑣𝑑𝜇𝑏 𝑢 𝑑𝜇𝑏 𝑣                                                                   (2.11) 

3. Main Results and Proof: 

Theorem: Following equivalence relation for Double Dirichlet Average is established for (𝑘 = 𝑥 = 2) of Robotnov 

And Hartley’s function 

𝑆(𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′) =
 𝜇  𝑛+1 𝛼−1

 𝜇 + 𝜇′  𝑛+1 𝛼−1

Γ 𝜌 + 𝜌′ 

Γ𝜌
(𝑥 − 𝑦)1−𝜌−𝜌 ′

𝐷𝑥−𝑦
−𝜌 ′

𝐹𝛼  −𝑎, 𝑥  (𝑥 − 𝑦)𝜌−1      

Proof: 

Let us consider the double average for (𝑘 = 𝑥 = 2 of 𝐹𝛼  −𝑎;  𝑢, 𝑧, 𝑣  

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =   𝐹𝛼  −𝑎;  𝑢, 𝑧, 𝑣 

1

0

1

0

 𝑑𝑚𝜇 ,𝜇 ′ 𝑢 𝑑𝑚𝜌 ,𝜌 ′ 𝑣  

=  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

   𝑢. 𝑧. 𝑣 (𝑛+1)𝛼−1𝑑𝑚𝜇 ,𝜇 ′

1

0

1

0

 𝑢 𝑑𝑚𝜌 ,𝜌 ′ 𝑣                        

𝑅𝑒 𝜇 = 0, 𝑅𝑒 𝜇′ = 0, 𝑅𝑒 𝜌 > 0, 𝑅𝑒 𝜌′ > 0 and 

𝑢. 𝑧. 𝑣 =    𝑢𝑖𝑧𝑖𝑗 𝑣𝑗  =

2

𝑖=1

2

𝑖=1

  𝑢𝑖 𝑧𝑖1𝑣1 + 𝑧𝑖2𝑣2  

2

𝑖=1

 

= [𝑢1𝑧11𝑣1 + 𝑢1𝑧12𝑣2 + 𝑢2𝑧21𝑣1 + 𝑢2𝑧22𝑣2] 
 

let 𝑧11 = 𝑎, 𝑧12 = 𝑏, 𝑧21 = 𝑐, 𝑧22 = 𝑑  and   
  𝑢1 = 𝑢,           𝑢2 = 1 − 𝑢  
𝑣1 = 𝑣,          𝑣2 = 1 − 𝑣

  

thus 𝑧 =  
𝑎    𝑏
𝑐    𝑑

  

𝑣. 𝑧. 𝑣 = 𝑢𝑣𝑎 + 𝑢𝑏 1 − 𝑣 +  1 − 𝑢 𝑐𝑣 +  1 − 𝑢 𝑑 1 − 𝑣  

= 𝑢𝑣 𝑎 − 𝑏 − 𝑐 + 𝑑 + 𝑢 𝑏 − 𝑑 + 𝑣 𝑐 − 𝑑 + 𝑑 

𝑑𝑚𝜇 ,𝜇 ′ 𝑢 =
Γ(𝜇 + 𝜇′)

Γ𝜇 Γ𝜇′
𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑑𝑢 

 

𝑑𝑚𝜌 ,𝜌 ′(𝑣) =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑣 

Putting  these values in (3.2), we have, 

 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜇 + 𝜇′ 

Γ𝜇 Γ𝜇′

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
×  

(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

 

×    𝑢𝑣 𝑎 − 𝑏 − 𝑐 + 𝑑 + 𝑢 𝑏 − 𝑑 + 𝑣 𝑐 − 𝑑 + 𝑑 (𝑛+1)𝛼−1

1

0

1

0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑢𝑑𝑣 

In order to obtained the fractional derivative equivalent to the above integral,  

Case –I: we assume 𝑎 = 𝑐 = 𝑥; 𝑏 = 𝑑 = 𝑦 then 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜇 + 𝜇′ 

Γ𝜇 Γ𝜇′

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
 

(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0
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×    𝑢𝑣 𝑥 − 𝑦 + 𝑦 (𝑛+1)𝛼−1

1

0

1

0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑢𝑑𝑣 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
 

(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

×   𝑢𝑣 𝑥 − 𝑦 + 𝑦 (𝑛+1)𝛼−1

1

0

𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑣 

Putting 𝑣 𝑥 − 𝑦 = 𝑡, we obtain 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
 

(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

×   𝑦 + 𝑡 (𝑛+1)𝛼−1

𝑥−𝑦

0

 
𝑡

𝑥 − 𝑦
 
𝜌−1

 1 −
𝑡

𝑥 − 𝑦
 
𝜌 ′−1 𝑑𝑡

(𝑥 − 𝑦)
 

 

=
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
(𝑥 − 𝑦)1−𝜌−𝜌 ′

 
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

  𝑦 + 𝑡 (𝑛+1)𝛼−1

𝑥−𝑦

0

 𝑡 𝜌−1 𝑥 − 𝑦 − 𝑡 𝜌
′−1𝑑𝑡 

On changing the order of integration and summation, we have 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
(𝑥 − 𝑦)1−𝜌−𝜌 ′

 𝐹𝛼  −𝑎, 𝑦 + 𝑡 

𝑥−𝑦

0

 𝑡 𝜌−1 𝑥 − 𝑦 − 𝑡 𝜌
′−1𝑑𝑡 

𝐹𝛼  −𝑎, 𝑡  
Using definition of fractional derivative (2.4), we get 

𝑆(𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′) =
Γ 𝜌 + 𝜌′ 

Γ𝜌
(𝑥 − 𝑦)1−𝜌−𝜌 ′

𝐷𝑥−𝑦
−𝜌 ′

𝐹𝛼  −𝑎, 𝑥  (𝑥 − 𝑦)𝜌−1                   (3.1) 

Case –II:  we assume 𝑎 = 𝑥, 𝑏 = 𝑦 and 𝑐 = 𝑑 = 0 then 

 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜇 + 𝜇′ 

Γ𝜇 Γ𝜇′

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
 

×  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

   𝑢𝑣 𝑥 − 𝑦 + 𝑢𝑦 (𝑛+1)𝛼−1

1

0

1

0

𝑢𝜇−1(1 − 𝑢)𝜇 ′−1𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑢𝑑𝑣 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜇 + 𝜇′ 

Γ𝜇 Γ𝜇′

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′  

×  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

   𝑣𝑥 + (1 − 𝑣)𝑦 (𝑛+1)𝛼−1

1

0

1

0

𝑢(𝑛+1)𝛼+𝜇−2(1 − 𝑢)𝜇 ′−1𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑢𝑑𝑣 

 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′

Γ 𝜇 + 𝜇′ 

Γ𝜇 Γ𝜇′

Γ (𝑛 + 1)𝛼 + 𝜇 − 1 Γ 𝜇′ 

Γ  𝑛 + 1 𝛼 + 𝜇 + 𝜇′ − 1 
 

×  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

  𝑣𝑥 + (1 − 𝑣)𝑦 (𝑛+1)𝛼−1

1

0

𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑣 

We use the pochammer symbols in the above equations, we have  

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′

 𝜇 (𝑛+1)𝛼−1

 𝜇 + 𝜇′ (𝑛+1)𝛼−1

×  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

  𝑣𝑥 + (1 − 𝑣)𝑦 (𝑛+1)𝛼−1

1

0

𝑣𝜌−1(1 − 𝑣)𝜌 ′−1𝑑𝑣 

Putting 𝑣 𝑥 − 𝑦 = 𝑡, we obtain 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′

 𝜇  𝑛+1 𝛼−1

 𝜇 + 𝜇′  𝑛+1 𝛼−1

 

×  
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

  𝑦 + 𝑡 (𝑛+1)𝛼−1

𝑥−𝑦

0

 
𝑡

𝑥 − 𝑦
 
𝜌−1

 1 −
𝑡

𝑥 − 𝑦
 
𝜌 ′−1 𝑑𝑡

(𝑥 − 𝑦)
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=
 𝜇 (𝑛+1)𝛼−1

 𝜇 + 𝜇′ (𝑛+1)𝛼−1

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
(𝑥 − 𝑦)1−𝜌−𝜌 ′

 
(−𝑎)𝑛

Γ(𝑛𝛼 + 𝛼)

∞

𝑛=0

  𝑦 + 𝑡 (𝑛+1)𝛼−1

𝑥−𝑦

0

 𝑡 𝜌−1 𝑥 − 𝑦 − 𝑡 𝜌
′−1𝑑𝑡 

On changing the order of integration and summation, we have 

𝑆 𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′ =
 𝜇 (𝑛+1)𝛼−1

 𝜇 + 𝜇′ (𝑛+1)𝛼−1

Γ 𝜌 + 𝜌′ 

Γ𝜌Γ𝜌′
(𝑥 − 𝑦)1−𝜌−𝜌 ′

 𝐹𝛼  −𝑎, 𝑦 + 𝑡 

𝑥−𝑦

0

 𝑡 𝜌−1 𝑥 − 𝑦 − 𝑡 𝜌
′−1𝑑𝑡 

 

Using definition of fractional derivative (2.4), we get 

𝑆(𝜇, 𝜇′; 𝑧; 𝜌, 𝜌′) =
 𝜇 (𝑛+1)𝛼−1

 𝜇 + 𝜇′ (𝑛+1)𝛼−1

Γ 𝜌 + 𝜌′ 

Γ𝜌
(𝑥 − 𝑦)1−𝜌−𝜌 ′

𝐷𝑥−𝑦
−𝜌 ′

𝐹𝛼  −𝑎, 𝑥  (𝑥 − 𝑦)𝜌−1                    (3.2) 

This is complete proof of (3.1). 

 

Particular cases: 

(i) If  𝜌′ = 𝑣 − 𝜌 , 𝑦 = 0, 𝛼 = 1   and 𝑎 = 1 in (3.1)  

𝑆(𝜇, 𝜇′; 𝑧; 𝜌, 𝑣 − 𝜌) =
Γ𝑣

Γ𝜌
(𝑥)1−𝑣𝐷𝑥

𝜌−𝑣
M(𝑥)  (𝑥)𝜌−1 

=
1

2
 
Γ𝑣

Γ𝜌
𝑥1−𝑣𝐷𝑥

𝜌−𝑣
𝑒−𝑥  𝑥𝜌−1  

𝑆(𝜇, 𝜇′; 𝑧; 𝜌, 𝑣 − 𝜌) =
1

2
 𝐹1(𝜌, 𝑣; −𝑥)1

0   

(ii) If 𝜌 = −𝑛, 𝜌′ = 1 + 𝛼 + 𝑛, 𝑦 = 0, 𝑎 = 1  and 𝛼 = 1  in (3.1) we have, 

 

𝑆 𝜇, 𝜇′; 𝑧; −𝑛, 1 + 𝛼 + 𝑛 =
1

2
 
Γ 1 + 𝛼 

Γ −𝑛 
𝑥−𝛼𝐷𝑥

−𝑛−𝛼−1𝑒−𝑥  𝑥−𝑛−1  

 

𝑆 𝜇, 𝜇′; 𝑧; −𝑛, 1 + 𝛼 + 𝑛 =
1

2
 𝐹1(−𝑛, 1 + 𝛼; −𝑥)1

0   

 

𝑆 𝜇, 𝜇′; 𝑧; −𝑛, 1 + 𝛼 + 𝑛 =
1

2
 
𝐿𝑛
𝛼 (−𝑥)

𝐿𝑛
𝛼 (0)

  

Where 𝐿𝑛
𝛼

 is the Laguerre polynomials of degree n. 

 

4. Acknowledgement: 
Authors are grateful to referees for their valuable comments and improvement upon the paper. 

 

References 
[1] Carlson, B. C., Special Function of Applied Mathematics, Academic Press, New York, 1977. 

[2] Carlson, B. C., Appell’s function F4 as a double average, SIAM J.Math. Anal.6 (1975), 960-965. 

[3] Carlson, B. C., Hidden symmetries of special functions, SIAM Rev. 12 (1970), 332-345. 

[4] Carlson, B. C., Dirichlet averages of x
 t
 log x, SIAM J.Math. Anal. 18(2) (1987), 550-565. 

[5] Carlson, B. C., A connection between elementary functions and higher transcendental functions, SIAM J. 

Appl. Math. 17 (1969), 116-140. 

[6] Deora, Y. and Banerji, P. K., Double Dirichlet average of ex using fractional derivatives, J. Fractional 

Calculus 3 (1993), 81-86. 

[7] Deora, Y. and Banerji, P. K., Double Dirichlet average and fractional derivatives, Rev.Tec.Ing.Univ. 

Zulia 16(2) (1993), 157-161. 

[8] Erdelyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G., Tables of Integral Transforms, Vol.2 

McGraw-Hill, New York, 1954. 

[9] Gupta,S.C. and Agrawal, B. M., Dirichlet average and fractional derivatives, J. Indian Acad.Math. 12(1) 

(1990), 103-115. 

[10] Gupta,S.C. and Agrawal, B. M., Double Dirichlet average of ex using fractional derivatives, Ganita 

Sandesh 5 (1) (1991),47-52. 



ISSN 2348 – 0319               International Journal of Innovative and Applied Research (2014), Volume 2, Issue (6): 197- 202 
 

202 

 

[11] Mathai, A. M. and Saxena, R. K., The H-Function with Applications in Stastistics and other Disciplines, 

Wiley Halsted, New York, 1978. 

[12] Saxena, R. K., Mathai, A. M and Haubold, H. J., Unified fractional kinetic equation and a fractional 

diffusion equation, J. Astrophysics and Space Science 209 (2004), 299-310. 

[13] Sharma, M. and Jain, R., Double Dirichlet Average 𝑥𝑡 log 𝑥 and Fractional Derivative, J. of Indian Acad. 

Of Math.Vol. 28, No. 2(2006), 337-342 

[14]  Sharma, M. and Jain, R., Dirichlet Average of 𝑐𝑜𝑠ℎ𝑥  and Fractional Derivative, South East Asian J. 

Math. And Math. Sc. Vol.5, No. 2(2007), 17-22. 

 


